K.S.R COLLEGE OF ENGINEERING : TIRUCHENGODE - 637 215.

18MA242 - Applied Mathematics QUESTION BANK.
UNIT | - LAPLACE TRANSFORMATION

PART - A
1. Fend Lftsn 2¢].

Selutlon:L{t f{t)} = - %Efé’iﬂ} = - %L&mzt} =- %(5:‘:’_ J =

L
-3"]

Salution: L~ *{Fiz - o)} = ™ L~ *{flg}} = ?“E"'[:—l]= et
3. Find L{te T cos )
d d
Salution: L{sf (6] = - — L4 (0} = - —Efcas2e} = - — (5 5 = EE, n ﬂ,

&= (g4 2P
[(s + 2% + 4]

(5% + 4P

2. Fmd £

He o flddl=Fls+al =Flz+2} =

L]
i . 3
4, Prove that Ih_'lllltﬂ = —,
H 50
Salutlen: Comparing the gtven mtegral with LT we get, f(&) = tstnt and 7 = 3
a 1 2F 3
LHS = L{tstmt} = _EQE’ n 1] ey put 5 = Jwe get LHS = o= RHS

5. Using Loplace fransform of derivatives find Lie ™0
Solutlen: L{f (&)} = sL{F 80 — FI0) here FIE) = e (g} = —ae™ 3 F 0 = 1
=g~} = b~} — 1 furplies — GE{?'“} shie~%tk =1

Ele~ %}z + a} = 1 fpltes that L{e~"T} =

4o

6. Verify the mitfal volue thearent for FIE] = 3 +4vosZt,
Salutlen: ifn fE} = ffm sF(): LAS = 3 + 4cos0 = 7:F (s} = L{3 + 4coslt]

I

3 4= &
RHE = g sL{3 +4-m2t1*=£ﬁms€—+—l = [ T =3i4+4=7
T I Ry g 1+

7. Ftnd the bwerse Laplace transfarme af

1
(s +2)*'
Salutlen: L *{Fiz + o)} = e~ ¥ L)} = e~ L=

8. State the condftfons under which the Loplace fransfarne r.:f FiE) exists,
FiE) should be conffnuows gr plece —
o Wize contfnuous fu the ghven closed mterval [a. 8] where g = O

!ft!

o Fitlshouwid be af ecponential order.
9. JState and prove First shifting praperty af Loplace transfarns.,
Statement:[f Eﬁ‘":ﬂ} Ffﬁltﬁ?ﬂﬁiﬁﬁf{ﬂ} Fiz— ol
Preef: LI flell= f "“|F“ff.t."l]dt—f gb-Slpglgt =Filzs—alif s> a

10. Fend L« s X ).

Salutlon: Lie~= f ()} = Flz + o} = Flz + 1); Lism3t) = ligpﬂts L= :

g+ 17+ 0
11. Frud L™ cosX .

Selution: L=~ £ (9} = Fle 4 a) = Fle + 2t Leas2t} = - put 5= 2= — :

=+ 2)% +9



12. If Lif () = Fig)k find L{F (at).
solution:2{r(ath} = [ e flathae= [ ¢ Fr0 Tm2r () sramo

13. Jiate the canvalution thearem: af Laplace fronsforne.
Salutlen: If £(&) and g(£) are Laplace transfarmable. then LIF(E) = gle)} = E{F (O L{g(E)}

14. If FiE) iz aperfodic functiomn 1;'#‘&& perfod p.what iz fke Laplace fransform?
Salutlen: L{f (£} = I e~ Flgide

g=f=

afﬁnd Ehe valus of Ifm

15. If LIFGE)} =

2
Salutlon: & f{gl = I~* ( e Al (a=+2= = cosdt + sindt

mﬂj:imzﬁ + sin2tldt = (M}: 0=1= =1
16. Find L[t2cas3t]. A A
a 2
e 1) = 1 St = ()« 2D
17. Find the tnverse Loplace transfarm af '
&g —d)
LFE [ G _ff e 1
Salution: 1~ -] = j;:r “{Fis}}dt = }; ] a= j; ot = =
g
. Frad E = .
18 Fehef LGN ( 327
Salutlon: L~*{=F(s)} = —L-Lzﬁ'is}} = EF {ﬁ? :z}t} = %Ee'“ﬂ = ¢ (1 -2t}

19. Find the tnverse Laploce transfaorm af lag (S-I-:]

Salutlen: » L{F(£} = Eag(: t :} = lagle + 1) - lag (= — 1}

Hﬁfiﬂ}——i[&lgbi-]}—ﬁag{a R
ZE"‘EF:FIE

@ = 1 () = 2emhes f2) =

20. Folve using Loplace fransfarm g-l—y =a gtven that w07 = O

Solutlon: L+ + LG = He=) (s 4 LG ==
1 1

Mol =oggm ¥=F (,;5.”}:} te™"

OB cistT fustify.

e el

+]9Eﬁw:rl:ﬂ'}=ﬂ'

21. Daes Loplace transforms af

Salution: Ng. since E_’r::;e"’r =2

22. Find the tverse Loplace transform of cat — 1=,
Salutlons L (93 = - <= Flahs ef) =17 - SF @ | = 1t et = 173
w fl) =

1
1455 = stut

23. Find L (£2 2t ).
Salutlen: L{t*27} = [{t*6'°8%} = F(z - lag2)



i

Fig) = Lttt = 535 & Flg — lag2) =m

24, Gbtain the Laptace transfornt of sin 2t - 2t cap 28 tn Ehe stmplified forne.,
2 8 —25° _2s'+a—a+2s'_(szs4j’
4 (AR (% + 48 T it g

Selutlen: L{sm2Zt — 2tcoslt) =

25. Gtve an evarnmple For a funcEfon which hes Laplace transforns Bul &€ fx not contfnugs,
i

i
EmﬂW:f{ﬂ = t-? since IEEFR:_;N t-? =
PART -B
-2t

1. Find the Laplace transform of e’ (fcos2¢) and

2. Solve the differential equation, using Laplace transform " +4y'+4y =e™" given that y(0)

=0and »'(0)=0.
3. Find the Laplace transform of a triangular wave function f(t) = ¢, 0<t<IT
2IT-t, TI<t<2I1where f(t+2I1) =
f(t).

__s*2
(s +4s+13)*

4. Using convolution theorem find the Laplace inverse of
. e—at _e—ht o » SZ +a2
5. {)Find L| —— |. i) Find L~ (log| —— |)-
t s°+b

_ S
6. Using convolution theorem find L ! > |
(s"+a”)

7. Using Laplace transform solve y" +2y'—3y =sin¢ given thaty(0)=0and y'(0) = 0.

re’'sint
8. Find the Laplace transform of J.—dt

t
0

9. Find the Laplace transform of f(t) = k,0< ¢ < a
-k, a< t < 2a and f(t+2a) = f(t).

s(s+2)° ]

10. Verify the final value theorem for the function f(t) = L{

2
N

(s> +a’)(s* +b%)

11. Find the inverse Laplace transform of , using convolution theorem.

12.

N

t
Solve Q +3t+ 2'[ ydt =tgiveny(0)=1.
dt 0

4
(s2 +2s+ 5)2
14. Solve by Laplace transform method y" +5y"+ 6y =2, y(0) = y'(0) =0.

13. Using convolution theorem find L'

) ] s+2 s—5
15.  Find the inverse Laplace transform of ———————— and log| — .
(s+3)(s”+4) s°+9
16. Using Laplace transform solve y" —2y'+ y = e’ given that y(0) = 2and »'(0) = 0.
17. Find the Laplace transform of f(t) = cost, 0< ¢ <7
=0, 7 <t < 2mand f(t+2 ) = f(t).

2

18. Find the inverse Laplace transform of (2—1)2 using convolution theorem.
S+



19.

20.

21.

Find the Laplace transform of t etsin3t.

(i)Find the inverse Laplace transform of ﬁ using convolution theorem.
S (s+

(ii)Verify initial value theorem for the function (1 + e-2t).

“sint s
i)Find Lie™ dt ii)Find L .
()Fin {e I } (i)Fin {(s2 )52 1 4)(s° +9)}

0

—cosbt
22. (i) Find L . (ii)Find L (sint un (t) ), where un (t) is unit step function.

23. Evaluate

Te sin? t
0

24. (i) Evaluate using Laplace transform : Ite sin 3¢ dt

s . (i) Find L™ {tanl (gj} .
0 S

25. Solve using Laplace transforms : y” +4y’ +4y =tet,y (0) =0,y (0) =-1.

UNIT - 11 COMPLEX VARIABLES

PART - A

1.

State the orthogonal property of an analytic function.

Solution: If f(z)=u+ivis an analytic function of z=Xx+1iy, then the curves
u(x,y) =c,and v(x,y) = c, cut orthogonally.

Find the critical points for the transformation w*® = (g — gliz — ).

dw dw a+
Solution: Critical point atd— =0= Wd_ =z— —(a +p)=0=>z= s .
4 4

Critical points occurat w=0 also (z—-a)(z— ) =0

a+pf
2

What are the sufficient conditions for a function w = f(z) = u +iv to be analytic?

The critical points are z = &, f3,

Solution: The continuous single-valued function f(z)=u +iv is analytic in a region R, if
the four derivatives u , v, U, and Vv, exist, and are continuous and satisfy the C-R equation

at each point of R.
Define bilinear transformation.

az+b

Solution: The transformation w = where ab,c and d are complex constants and

cz+d
ad —bc #0.

This transformation is also called as mobius transformation.
Write down the formula for finding an analytic function f(z) = u+iv, whenever the real part is
given, by using the Milne Thomson method.

Solution: f(z) = j [6,(z,0)—ig, (z,0) [z + ¢

Verify the function wfx, ¥} = sy is harmonic or not.

Solution: 1, =e"sin y;u,, =e*siny and u, =e" cosy;u, =—e siny.
u, +u, =0.= ulsharmonic.

If u and v are harmonic function then can we say that u + iv is analytic?
Solution: Yes. But it is not always. Example: # =X and v=-y.

Verify the function #(X, ) = log+/(x* + »*) is harmonic or not?

1{ 2x x4+ y?)—2x7 P x?

Sl 2 2| Uy =( 2)’ )2 = ); 222
2\x"+y (x"+y7) (x"+y7)

Solution: u, =



10.

11.

12.

13.

14.

15.

16.

17.

18.

uy—z

.. u Is harmonic.

1 2 x4+ yH)=2y2 xt—y?
__( ZyZJ ’ ”yy:( zy)z 2)/ = yzz 0.
x“+y (x"+y7) (x"+y7)

1
Find the image of | z - 2i |= 2 under the mapping ® = ; .

Solution: z—2i‘=2:>‘x+iy—2i‘=2:>x2 +y?—4y=0.-(1)
. . u—iv
Now W=U+IV=DzZ=——Dx+iy=—F—7
u-+1iv u-+v

Equating real part and imaginary part, and substituting in (1), we get
1+ 4v =0 Which is a straight line in w — plane

When do we say w = f(z) is a conformal mapping?

Solution: The mapping W = S(2)is conformal if /(2)is analytic at each point and S (@)is
not zero.

Define conformal mapping.
A mapping or transformation which preserves angles both in magnitude and direction
between every pair of curves through a point is called a conformal mapping.

aw

2
Prove that W = Z is analytic and hence find dz

Solution: z* = x* — y* + 2ixy =u+iv=>u=x" -y’ jnq v=2xV
u,=v,=2x And —u, =v_=2y.Hence @ = 2 analytic.

@=ur+ivx = 2(x+iy)=2z
dz

If u + iv is analytic, show that v - iu is also analytic.

Solution: u +1v g analytic = U, =V, and 4, =~V

X

For v—iu,= u,=-v, v, =—(-u,)=>u =v,

X

.. C-R equation are satisfied for v —iu = v —iu is analytic.

Is f(z) = z3 analytic ? Justify.
Solution: z° =(x’ —3xy*)+i(3x’y —y’)=u+iv _ u=x -3xy’ and
v=3x’y-y’

su,=3x"=3y%; v.=6xy; u, =-6xy ; vy=3x2—3y2.

y

.. C-R equation is satisfied. Hence z7 is analytic.

Prove that z z is nowhere analytic.

Solution: zz=x"+ y2 . C-Requations are not satisfied.

Further an analytic function is independent of z . - ZZ is nowhere analytic.

Verify whether w = z is analytic or not.

Solution: W=z=x—iy u=x andv=—-y=u =L v, =0 ; u =0,y =-1.
=u, #v,u, #-v, .. W=z is not analytic.

Examine whether the function xy2 can be real part of an analytic function.

Solution:u = xy° =>u_=y°, u_=0; u,=2xy, u, =2x>>u,+u, #0.

Yy

So xy2 cannot be real part of an analytic function.



19. Find the image of the circle |z| = 2 under the transformation W = 3z,
Solution: w=3z=u+iv=3x+i3y

u=3xand v=3y and ‘z‘z2:> x*+y’ =4. u’ +v? =36 is the image.

20. What is the image of the line x = k under the transformation w=—.
z
1 ) u—iv U
Solution: I=—x+ly=—"75 ; X=—5—7, x=k=k@w’ +v)-u=0
w u-+v u-+v

u
Lut+vi===0
k

21. State the Cauchy-Riemann equation in polar Co-ordinates.
. u 1 o0v 1 du ov
Solution: — =—— and ———=-—

and — = -
or rob r 00 or

22. Say True or False: The function w = log z is analytic everywhere in the complex plane.

w1
Solution: FALSE d_ = — at z =0, the function ceases to be analytic.
z  z

23. Say True or False: The mapping w = z* is not conformal at z = 0.

dw
Solution: Truee. —=2z=0 at z=0. At z=0, w=z" isnotconformal.

dz
24. The transformation W = ¢z is known as .........c.c.e....
(a)rotation (b) reflection (c)translation

(d)Magnification  (e) rotation and magnification
Solution: If ¢ is real constant, then it is magnification.
If ¢is complex constant, then it is rotation and magnification.

25. Find the points at which the transformation w = sin z is not conformal.

. dw
Solution: — =cosz, cosz=0 At z=—;—;...
dz 22
26. What is invariant point in a mapping?
Solution: T he fixed points (invariant points) of the transformation are such that the image of

z is itself. The invariant points of the transformation w = f(z)is given by the solution of

z = f(2).

1
27. The invariant point of the transformation w = Y ISiiii
z—2i
. R : : 1
Solution: The invariant points are given by z = Y
z—2i
2 ) 2i—-4+4 .
z'-2iz-1=0z=—"—""=2=1i
2
. , . . z+1
28. Find the fixed point of the transformation w = .
2z +1
Solution:
z+1 By , 1 1 . . .
z= =2z 4+z=z+|l=>z =—=z=1— aretheinvariant points.
2z+1 2 2

29. Write the cross ratio of the points z,,z,,z; and z,.

. (z) —2y)(z3 —24) | . .
Solution: is the cross ratio of the points z,,z,,z, and z,.

(zy —z4)(z3 — 2,)




PART - B

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.
23.

24.

82 2
If f(z) is a regular function of z, prove that [? +— |1 f(2) P=4] f'(2)|.

0y

1
Show that the transformation @ = — transforms all circles and straight lines in the z-plane
z

into circles or straight lines in the @ - plane.
i—z

Show that under the mapping w = , the image of the circle x*+ y2 <1 is the entire

1+z
half of the @ - plane to the right of the imaginary axis.

Show that v =¢e"(xcos y — ysin y) is a harmonic function. Find the corresponding analytic
function f(z).

Show that the function v=e"(xcos y+ ysin y) is harmonic and find the corresponding
analytic function f(z) = u+iv.

Discuss the conformal mapping @ = z%.

If f(z) = u+iv is an analytic function of z,, then prove that V>[log| f'(z)|]=0.

Find the real part of the analytic function whose imaginary part is

e~ (2xycos y + (¥* — x?)sin y).Construct the analytic function.

Find the bilinear transformation which maps the points 1,i,-1 on to the points 0,1,00.Show
that the transformation maps the interior of the unit circle of the z- plane onto the upper half
of the w - plane.

sin 2x

If f(z) = u+iv is analytic, find f(z) if the real part is given by © = .
cos2x +cosh2y

Find the image of the region bounded by the lines x = 0,y = 0 and x+y = 1 in the z- plane by the

mapping @ = ze
Prove that the function # =x’ —3xp” +3x° —3)” +lis harmonic. Find the conjugate

harmonic function V and the corresponding analytic function f(z).
Find the bilinear transformation that maps the points 1+i ,- i, 2-i at the z-plane in to the points
0,1,i of the w - plane.

sin 2x

If f(z) = u+iv is analytic, find f(z) if the real part is given by u = .
cosh2y—cos2x

Find the bilinear transformation that maps the points z=-1, 0, 1 in the z-plane in to the points
@ =0,i,3i inthe w - plane.

Show that v = ezx(y cos2y+ xsin2y)is harmonic and find the corresponding analytic
function f(z) = u+iv.

Find the bilinear transformation that maps the points 0,1,00 of the z-plane in to the points i,1
,-i of the @ - plane.

Derive the necessary conditions for a function f(z0 = u(x,y) + i v(x,y) to be analytic at a point
domain R.

Find the bilinear transformation that maps the points o0 ,i,0 of the z-plane in to the points 0, i,
o of the w - plane.

If u = log(x2+y?), find v and f(z) such that f(z) = u+iv is analytic.

Determine the region of the @ - plane into which the first quadrant of z- plane mapped by the
transformation @ = z2.

Construct the analytic function f(z) = u+iv given that 2u + 3v = e (cos y —sin y).
Find the bilinear transformation that maps z = (1,i,-1) into w =(2,i,-2).

Ifu=x%y? and v =—; 5, prove that both u and v satisfy Laplace equation , but that u+iv
X +Yy

is not a regular function of z.



25. Obtain the image of |z-2i| = 2, under the transformation @ = —

z

26. Find the bilinear transformation that maps z = (1,i,-1) into @ =(i,0,-i).Hence find the image of

|z|<1.

27. Find the bilinear transformation that maps z = (0,1,00) into @ =(-5,-1,3).What are the

invariant points in this transformation?

28. Draw the image of the square whose vertices are at (0,0);(1,0);(1,1);(0,1), in the z-plane, under

the transformation @ = (1+i)z. What has this transformation done to the original square?

UNIT —IIT MULTIPLE INTEGRALS

PART - A
1. Find the value of :-
IJ /dydx
2 x? x? 2
Answer: 1 = .”-e%dydxzj(le%j dx:_[l
00 X 0 0 X X
— a \/; a
2. Evaluate [ 2% ypdrdr  Answer: I = J' J’ xydxdy = J’ a o
2
00 0

3. Evaluate J‘ J ydxdy OVer the positive quadrant of the circle x> +yr=

Answer: [ = ”ydxdyzj‘ ajrydydx:%‘[(az—xz)dx:%'
R 0 0 0

5.Evaluate ”dxdy over the region bounded by x =0; x=2; y=0;y =2.

Answer: I = ”dxdy zfdy 4
00
a?-y?
6.Change the order of integration in J‘ J‘ xdxdy.

-a 0

2
a

Answer: 1 .[ J‘ xdxdy. Y varies from -/g®— ¥ o +a=— x= ; xvariesfromOtoa

a \/ﬁ a Va’-x?
j I xdxdy. = j I xdxdy -
a0 (L)

4a2+ax
7. Change the order of integration in J’ J’ xydydsx.

0 x7
4a
4a2ax

Answer: 1 = J J xydydx. X varies from £ a‘o..\ &

a2ax a2ay
?Zﬁydydx. = }2 ficydxdy

8.Change the order of integration inj[Tg( X, y)dydx -

I-x

Answer: 1 j‘
0

11-x

1= [ o y)dve= J [t niva

9. Change the order of integration in J- J' ydydx’

Answer: In I; , x varies from 0 to \..- 2 5 yvaries from 0 to 1.

; y varies from 0 fo <a.

Ig(x V)dydyx > x varies from 0 to 1 —y ; y varies from 0 to 1.
0

In I, x varies from0to2 —y ; yvaries from1to2. Hencel=I+1

I



22—y

o f f xydyds = nydxdy+ j j xyddy

L PN
b

10. Change the order of integration in j J‘ ydxdy
0 0

b . b —— .
Answer: I = I I xydxdy ; y varies from 0 to E‘-..-‘ @=— x= ; xvaries from O to a.
0

11. Evaluate by changing the order of integration in ])“H ]‘;y dxdy-
“afa-y?
Answer: 1 = | +.[;y dxdy As per given problem strip is parallel to x axis. On changing the order of
integration:
[ = arfa-y? a\/i 24
- dxd =—
[ vt o
a—ja -y
231 2
9
12. Evaluate xy’zdzdydx. Answer: [ = xy” zdzdydx = — | | xy*dydx = = | xdx = 9.
i oo
ab a a b a
13. Evaluate: ”dxdy Answer: [ = IIdXdy = J'@J.dl - logbjﬁ =loghloga.
11 11 1 X 1 y 1 X
2 x+2 2 2
14. Evaluate: [ [gygy. Answer: T )+ =2 (ax = 6.
y
1 IR AE ]
§ T . . ; )
15. Evaluate: J‘ jdxdy- Ans: 1 = j [ —dx = [x [ 2 +asinl[xﬂ = =
S 0 2 2 2)], 4
16. Evaluate: .=+ Answer: 1 = .[ sin1|: y } P Ejdx = m,
0 '0[ Jat —x* -y’ 0 a’-x* o 20 2
i —4-x-2
17. Evaluate: f IZ dvdx where z x3 Y.
0 0 . 2
Answer: 1 =7} = rF4-x-2y = lp(4-x 4-x =16
-([_!zdydx !_{[fdydx 3‘([ 2 4-x- 5 x 9
18. Using double integration find the area enclosed by the curves y = 2x? and y* = 4x.
Answer: Given,y =2x> ---m----- 1, il > G — ()
Sub(1)in(2)weget x=0,x=1; = y=0,y=2.
Therefore the point of intersection of (1) and (2) is (0, 0) and (1, 2).
X varies from Oto 1 ; y varies from 2x? to 2Vx
. 12vx 1
The required area = .[ J.dydx = ZI(X% _x2 )dx = 2/3.
0 2x% 0
19. Using double integration find the area enclosed by the curves y = x and y = x%.
Answer: Given, y=X  -------- O o, y=%x e )
Sub(l)in(2)weget x=0,x=1; => y=0,y=1.
Therefore the point of intersection of (1) and (2) is (0, 0) and (1, 1).
x varies from O to 1 ; y varies from x? to x
1
The required area J .[ dydx = J'(x 52 )dx = 1/6.
2 0

20. Fill in the blanks: ~ The value of ﬁ e ayax = %
00



1 x
21. Fill in the blanks:  The value of ”e‘”dydx: (e-1)/2.
00

123

22. Fill in the blanks:  The value of I I .[dza’ydx: 48.
—1-2-3
23. Fill in the blanks: The volume of the torus generated by resolving the circle x> +y?> =4, x =3 is 2472.

24. Fill in the blanks:  The area between the curves y?> = 4x , x> = 4y is 16/3 sq. units.
1 2 3 1 2 3 9 12 1

25. Evaluate: Answer: | = =2 = =9/2.
! dx'([ dy.([ xyzdz ‘([dx }[ dy}[ xyzdz 5 _([_([xydydx 9! xdx

26. Evaluate: J-J-J-(x+y+z)dxdyd2a R:0<x<1,0<y<1,0<z<1.
R

Answer: = jjj(x+y+z)dxdydz = j..l[j.(x+y+z)dxdydz = j‘j‘(;+(y+z))dydz = j.(l-i-z)dz =3.
R 000 00 0

PART-B

1. Change the order of integration and hence evaluate: (a) | J- .[Xy dydx * (b) 7 j jye »/,(c) L2 .[ Ixydm(y
4a24ax @ 2ax . -"

( ) j J.xydydx’ ( I J.xydxdy
0 oxy

2. Evaluate: (a) [ [+ )dvay OVer the region bounded by x> =y & y = x, (b) ”( ¥ + 7 )dxdy where R is
R

the region enclosed by x=0,y=0& x+y=1.
3. Find the area of the ellipse X , »* _,.
a’® b

4. By changing to polar coordinates, find the value of the integral (a):a—

Z_[ _[(xz+yz)dydx,
(b
[ &

0 0

dxdy’

2 42x-x?

(©) J. I(x + y*)dydx -

0 0

5. Evaluate: (a) J‘ J‘ I xdzdydx= (b) .[ J‘ j dxdydz over the first octant of the sphere x* + y? +

——

6. Find the volume of that portion of the ellipsoid x " y + 2 _ 1| which lies in the first octant.
a* b

7> =2’

UNIT IV - FOURIER SERIES
PART A

1. Iff(x) =x2in (—/,]) is expressed as a fourier series of periodicity 2/, find the constant

term of the fourier series.

f(x) = x2is even.
2 2 2(x*) 2 a, I’

a, z—jf(x)dxz— dv==|" =2 Constantterm="2="_,
[y [y [\ 3 3 2 3

2. State dirichlets’s conditions.

(Df(x) is a finite single valued function.

(ii) f(x) has finite number of discontinuities.

(iii) f(x) has finite number of maxima and minima.



If the cosine series for f(x) = xsinx ,0< x< m is given by xsinx

=l—lcosx—2z(_2lcosnx,showthat1+2 L—L+L—... =£.
2 =n -1 1.3 35 57 2

V2
Putx = E, which is a point of continuity.

f(x)= f(z) = Zsin(z) = z. Subx = z in the fourier series.
2 2 2 2 2

To which value, the half range sine series corresponding to f(x) = x2 expressed in the
interval (0,2) converges atx = 2?
X = 2 is the end point of the range.
f(x):f(0)+f(2) _ 0+4 _5

2 2
Find the constant term in the Fourier series corresponding to f (x) = cos 2 x expressed in
the interval (-7t ,n).

272’
2

a, =—Icos xdx =
7[0

dx=—(x+
2 V4 2

2 t1+cos2x 1 sin2x .,
SEE i1
7[0

a
Constant term = 7 =1.

Does f(x) = tan x possess a Fourier expansion?

f(x) = tanx has infinite discontinuities.

[t does not satisfies the dirichlets’s conditions.

Hence the fourier series does not exists.

State the parseval’s identity of fourier sine series in(0,1).

2 2 V4
- 1 = 2 - l 2
= — b , = — X dx.
y 2;:1 w Y ﬂ!f()

Find the value of a ,in the cosine series expansion of f (x) = k in the interval ( 0,10).
10

sin’mx
10 -
anzi kcosﬂdx=£k __ 10| _p.
10+ 10 10 nr
10 0

If the Fourier series corresponding to f(x) = xin (0, 2n) is (ao/2)+ X (an cosnx + b,sin nx)
without finding the values of ap, an, by, find the value of (a¢2 / 2) + X (an2+ bys?2)

By Parseval’s identity of fourier series,
2

(a02/2)+ i(af+bf) = %y

n=1



10. If f (x) is discontinuous at x = a what value does its Fourier series represent at that point.

f(x) = fla+0)+ f(a-0) .
2
11. What is the constant term a, and the coefficient of cosnx , a, in the Fourier series
expansion
of f(x) =x-x3in (-7 ,n).
f(x) = x - x3 is an odd function. Hence, ap = a, = 0.
12. Choose the best answer:

x,0<x<1
The sum of the fourier series for f(x) = atx=1is
21<x<2

1 3
(@0 (b)1 ()2 (d) > (e) 5

Answer: (e) %

Because x = 1 is a point of discontinuity.

f(x)zf(1+0)42rf(l—0)_

fA+0)= 1t f(l+h)=2
fA-0)= It [(1-h)=1

3
Hence f(x) = —.
(%) >

13. The fourier series for f(x) = x2 in -1<x<1 will contain cosine terms only.

2
1 ——x,—ﬂ' <x<0
14. f(x)= 7 is even.

1+ —0<x<rx
T

1+ 2—x,—7z <-x<0
f(-x)= 72T

l-—0<—x<nrx
Via

1—2—x,—7r<x<0
_ V4

1+§,O<x<7r
T

= f(x).

15. Using the RMS value fill up the blanks interms of fourier coefficients.

c+27

'[(f(x)) dx = 2;{ ; +2;an +bn}

16. Euler’s formula for the fourier coefficients in the half range sine series of f(x) in

1% nix
0,2/ b, =— in—dx.
( )are b, 2I_([f(x)sm ; X




17.
18.

19.

20.

21.

22.

1.

2.

3.

If a periodic function f(x) is even, its fourier expansion contains only cosine terms.
State the convergence condition on fourier series.

i. The fourier series of f(x) converges to f(x) at all points where f(x) is continuous.
+0)+ -0
ii. At a point of discontinuity xo, f(x)= S (% +0) > S (% =0)
Find the R.M.S value of f(x) =xin 0<x</,
I 2
—2 1 2 Z
=—|x"dx=—
v=l 3

0

-

Find the fourier sine series for the function f(x) =1; 0<x< 7.

0
The fourier sine series is f(x) = z b,sinnx.

n=1
b, szsmnxdx_ {1 D" }
T

Ty n

f(x)= Z [1 = )}sinnx

n=1 7T

Find the sum of the fourier series of f(x) =x+x2in-7 <x<7x atx= 7
x = 77 is the point of discontinuity and end point of the range.

—7) +
f(X)Zf( 7[)2 f(”) zﬂz.
What do you mean by harmonic analysis?
The process of finding the fourier series for a function y = f(x) from the tabulated values of x
and y at equal intervals of x is called Harmonic analysis.

PART B
Obtain the Fourier series for f(x) of period 21 and defined as follows

f(x)=L-x,0<x<L
= 0 ,L<x<2L
Hence deduce that (i)1-(1/3)+(1/5)-(1/7)+..=n /4,
((1/12)+(1/32)+(1/52)+.... =2 /8
Find the Fourier series expansion of period L for the function
f(x)= xin (O,L/2)
= L-xin (L/2,L)
Hence deduce the sum of the series £1 /(2n-1)4
Find the half range cosine series of f(x) = (7 - x2 ) in the interval (0, n). Hence find the sum

of
theseries (1/14)+(1/24)+(1/34) +....



4. Find the Fourier series as the second harmonic to represent the function given in the
following data.

X101 |2 |3 |4 |5

Y |9|18 |24 |28 |26 |20

ut

Expand f (x) =x 2 - x as Fourier seriesin (-7, )
6. Find the Half range cosine series givenf(x) = x , 0<x<1
=2-x,1<x<2

7. Find the Fourier series of period 2r as far as second harmonic given

X0 | Qo 300 | 600 | 900 | 1200 | 1500 | 1800 | 2100 | 2400 | 270° | 3000 | 3300 | 3600

Y | 234|3.01|3.69|415|3.69 |22 |0.83 051|088 |1.09 |1.19 |1.64 |2.34

8. Find the Fourier series for f(x) = | cos x | in the interval (- &, 7 )

9. Find the Fourier series for f(x) = | sin x | in the interval ( - &, 7).

10. Find the Fourier series for f(x) = x sin x in the interval (-, 7).

11. Find the half range sine series for f(x) = x (n - x ) in the interval (0, ©) and deduce that

(1/13)-(1/33)+(1/53) ...

12. Obtain the half range cosine series for f(x) =xin (0, )
13. Find the Fourier series of f(x) = x2 in the interval ( -n , n).
Hence find (1/14)+(1/24)+(1/3%)+.....

14. Obtain a Fourier expansion for V( 1 - cosx) in - T <x <.
15. Obtain the cosine series for f(x) = xin 0 < x <t and deduce thatX 1 / (2n-1)*4 =n*/ 96
14. Find the Fourier series for the functionf(x) = x ,0<x<1

=1-x,1<x<2
Hence deducethat (1 /12)+(1/32)+(1/52)+.... =2 /8
15. Find the Fourier series of f(x)=0,-1<x<0
=1, 0<x<1
16. Obtain the Sine seriesforf(x)= x , O<x<L/2and f(x)= L -x, L/2<x<L.
17. Determine the Fourier series expansion of f(x) =xin-nt<x<m.
18. Find the half range cosine series for x sinxin (0, 7).

19. Obtain the Fourier series of period 2r for the function f(x)= 1 in (0, n)
=2 in (m2m)

Hence find the sumof (1 /12)+(1/32)+(1/52) +....

20. Obtain the Fourier series for the function
fx)= =nx ,0<x<1

=n(2-%x),1<x<2

21. Obtain the Fourier series for f(x) = 1 + x + x2 in (-7, 7).
Deducethat(1/12)+(1/22)+(1/32)+... =m2/6.



22.

23.
24.

25.

26.
27.
28.

29.
30.

31.
32.

32.

33.

12

35.

DeafucethatZ:L2 =—.

Obtain the constant term and the first harmonic in the Fourier series expansion for
f (x) where f(x) is given in the following table.

X 0 1 2 3 4 5 6 7 8 9 10 11

F(x) |18.0 | 187 | 176 |150 |116 |83 |6.0 |53 |64 |90 |124 | 157

f(x) = (n/3)-4[ 3

Expand the function f(x) = x sinx as a Fourier series in the interval [ -7, 7t ].

Obtain the half range cosine series for f(x0 = ( x - 2 )2 in the interval 0 <x < 2. Deduce that
¥1/(2n-1)2=mn2/8.

Find the Fourier series expansion of the periodic function f (x) of period 21

definedby f(x) =L+x, -L<x<0

=L-x ,0<x<L.Deducethat X1 /(2n-1)2=m2/8.

Find the half range sine series for x cosx in ( 0, ).
Find the half range Fourier sine series for f(x) = x2in the interval (0, n)
Expand f (x) = sinx, 0<x<m

= 0, m<x<2mn as aFourier series of periodicity 2n &
Evaluate [1/(1.3)]+[1/(B35)]+[1/(57)]+ wereens

Determine the Fourier sine series for the function f(x) = x2 of period 27 in the interval (0,
2m)

Find the Half- range cosine series for the function f (x) = x (r - x) in 0 <x < n. Deduce that
(1/14)+(1/29)+(1/34) +... =4/ 90.

Find the complex form of Fourier series for the functionf(x)=e*in-1<x< 1.

Determine the Fourier series for the function

fx)=-1+x, -t <x< 0

= 1+x, O0<x<mn.Hencededucethat 1-(1/3)+(1/5)-...=n/4.
Obtain the Fourier series of the function f(x) = x for 0<x<II
=2[T-x for IT<x<2IL

Find the Fourier series of f(x) = (IT- x)2 / 4 in 0 < x < 2I1. Hence deduce that
11 7’

—+—+ :
2% 3 6

1 1 7’

Iff(x) =x+x2in-I1<x <TII P.T.
cosx cos2x cos3x sinx sin2x sin3x
— —t— +2 — + — |-
2 3 1 2 3

2
T

n=l n 6



UNIT-V- FOURIER TRANSFORMS

PART A
1. Write the Fourier transform pair.

F[f(x)] = F(s) = (x)e™ dx

o
Al

f(x)= F'[F(s)]= (x)e™ds

1 o0
—— |/
i
2. State the convolution theorem for Fourier transform.

If F[f(x)] = F(s) and F[g(x)] = G(s) then F[f(x) * g(x)] = F (s) . G(s)

where f*g= ﬁ Tf(t)g(x —1)dt

w

If F [s] is the Fourier cosine transform of f(x) ,then the Fourier cosine transform of

f(ax) is lFL,(ij

a a

4. IfF(s) is the Fourier transform of f(x),then the formula for the Fourier transform of

f(x)cosax in terms of F is %[F(s +a)+ F(s— a)]

5. Find Fourier cosine transform of ex,

Fc(e™) :\/% Ie"" cossxdx = \/%( 21 J
0 ST+

. . . 1
6. Find Fourier sine transform of <

We know that Fs[f(x)] = \/% j £(x)sin sxdx
0

\/z_[lsinsxdx = \/Z E
ITgx 1 2

IT

2
7. Find the Fourier transform of f(x) = 1, [x| <a
0,|x]>a>0

R = — j e dx

Vot

_ z(sinsaj
11 S

8. The Fourier transform of e-x! is .........cccveu

3 2] 0 B o Rl Bl
Ans: F(s) = F[e'¥] = ﬁ%,r_";_,a-lxl e

="\l|F§ [sezﬂ:l- :I.]



=
9. The Fourier sine transform of xe™* js IE[, 1 Z}:I
~mlizse

i)Say true or false
ii)Justify the statement.

-
i TAR] = .. i -ax| = E az
False, since Fs[xe™%] = dch[e ] _J“ T
10. The Fourier transform of F[x2f(x)] iS ....ccvssunns if the Fourier transform of f(x) is F(S).
.
Ans: (-i) dsﬂ-F(S)

11. Find the Fourier transform of f(x) = 1 in (0,1).
FIFC)] = [ f)sin T = — [1 4 (-1)7]
12. State Parseval’s identity of Fourier transform.

Lo B2 dx = [, |58} ds

13. Write any two applications of Fourier transforms.

i) Solution of ODE ii) Solution of PDE

[E 1 [E F [E =1 F E -1 F
) [ mah) Lo et (O ) et ()

14. Fs

~Ei (i ~ER
Ans: c) since Fs [L] = = .I':;'E— sinsx dx
® T x
Differentiating on both sides w.r.t ‘s’ we get

Iz —&%
i[FS(S)] - ﬁ jg’%&;tgsinsx) dx

I
Am phial

Integrating on both sides w.r.t ‘s’ we get

[Fy(s)] = »JE tan™t £}

PART B

1. Find the Fourier transform of f(x) =exp(-a2x2) , a>0. Hence show that exp(-x2/2) is
self reciprocal under Fourier transform.

2. Find the Fourier transform of f(x) = 1 for Ixl<1
= 0 otherwise.

Hence prove that [*sinx/x dx = [*sin2 x/x2 dx = 1/2.
0 0

3. Find the Fourier sine transform of f(x) = sinx O<x<m



=0 TISX<00,
4. Find the Fourier cosine transform of e4x, Deduce that

[~cos 2x / (x2+ 16) dx = (1/8)e8 and
0

[ex sin 2x / (x2+ 16) dx = (1/2)e.

0

5. State and Prove Convolution Theorem for Fourier transform.

6. Find Fourier sine and cosine transform of e* and hence find Fourier sine transform of
x/(1+x2)

and Fourier cosine transform of 1/(1+x32).
7. Find the Fourier transform of e-a if 3>0. Deduce that

(i) [~1/ (x2+a?)2dx=m/4a3 and [~cosxt/ (t2+ a2) dt = (I1/2a)e'x!

0 0

8. Find the Fourier sine transform of x.exp(-x2/2).
9. Find Fourier cosine transform of f(x) = 1-x2, Ixl<1

= 0, IxI>1.

Hence prove that (a) [« (sin x - xcosx) cos(x/2) / x3 dx = 3m/16.
0

(b) [~ [(sin x - xcosx) / x3]2dx = /15

0

(c) [ [(sinx - xcosx) /x3]dx=1/4.

10. Derive the Parseval’s identity for Fourier transforms.
11. Find the Fourier sine and cosine transform of

f(x) = {x for 0<x<1
2-x  for 1<x<2
0 for x>2}.
12. Verify Parseval’s Theorem of Fourier transform for the function
f(x) ={0 for x<0
ex  forx>0}.
13. Find the Fourier cosine transform of exp(-x2).
14. Find the Fourier transform of f(x) = 1-Ixl if Ixl<1.

= 0 IxlI>1.Hence deduce [«(sint/t)* dt=1/3.
0
15. Find the Fourier sine transform of e-ax/x, where a>0.

16. Evaluate [©1/ (x2 + a2)(x2+ b2) dx using Fourier transforms.
0



17. Find the Fourier cosine transform of exp(-a2x2). Hence find the Fourier sine transform of
x exp(-a2x?).

18. Find the Fourier transform of exp(-a2x?). Hence prove exp(-x2/2) is self reciprocal.
19. Find Fourier sine and cosine transform of x2-1 where O<n<1, x>0.Deduce that 1/\/x is self
reciprocal under both Fourier sine and cosine transform.

20. Using Parseval’s identity for Fourier cosine transform of e-ax & Hence find [*1/ (x2 + a2)2 dx.
0

21. Find the Fourier sine transform of e2x(a>0). Hence find F{xe-2x}.
22. Find the Fourier sine transform of f(x) = sinx, 0<x<a

= 0, x>a.
23. If F[f(x)] = F(s), prove that F[f(ax)] = (1/1al )F(s/a).
24. Find the Fourier transform of e, a>0. Hence deduce that F[x eil] = i[2as/(a2+s2)2]
V(2/m).
25. Find the Fourier sine transform of the function f(x) = e-ax/x.

26. Find the Fourier transform of the function e- ¥, Using Parseval’s identity [~dx/(x2+1)2 =I1/4
0

27. Prove that the Fourier tranform of exp(-x2/2) is exp(-s2/2) & deduce that
F(x.exp(-x2/2)) = (is) exp(-x2/2).

28. Find the Fourier cosine transform of f(x) ={cosx 0<x<m
0  m<x<oo}.
29. Find the Fourier sine transform of e,

Hence show that [« (xsin mx)/(1+x3)dx =ITe™/2 ,m>0.
0

30. Find the Fourier cosine transform of e-4x,

Deduce that [ (cos2x)/(16+x2)dx = ITe8/8 ,and

0

[ (xsin2x)/(16+ x2)dx = [1e8/2 .

0
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